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A method is suggested to decompose the statistical and systematic uncertainties from the residues
between the calculation of a theoretical model and the observed data. The residues and the pa-
rameters of the model can be obtained through the standard statistical fitting procedures. The
present work concentrates on the decomposition of the total uncertainty, of which the distribution
corresponds to that of the residues. The distribution of the total uncertainty is considered as two
normal distributions, statistical and systematic uncertainties. The standard deviation of the statis-
tical part, σstat, is estimated through random parameters distributed around their best fitted values.
The two normal distributions are obtained by minimizing the moments of the distribution of the
residues with the fixed σstat. The method is applied to the liquid drop model (LD). The statistical
and systematic uncertainties are decomposed from the residues of the nuclear binding energies with
and without the consideration of the shell effect in LD. The estimated distributions of the statistical
and systematic uncertainties can well describe that of the residues.
The normal assumption of the distribution of the statistical and systematic uncertainties is exam-
ined through various approaches. The comparison between the distributions of the specific nuclei
and those of the statistical and systematic uncertainties are consistent with the physical consid-
erations, although the latter two can be obtained without the knowledge of these considerations.
Such as, the LD are more suitable to describe the heavy nuclei. The light and heavy nuclei are
indeed distributed mostly inside the distributions of the statistical and systematic uncertainties,
respectively. The similar situation are also found for the nuclei close to and far from shell. The
present method is also performed to nuclei around stability line. The results are used to investigate
all measured nuclei, which show the usefulness of the UDM in the exploration of the unmeasured
nuclei.
PACS numbers: 21.10.Dr, 21.60.Ev, 02.50.-r
I. INTRODUCTION
The estimation of the uncertainty of a theoretical
model is of great importance to evaluate the predicted
ability of the model [1]. The standard statistical meth-
ods, such as the least square and χ2 fitting, are widely
used in the parametrization of various models. Specially
in nuclear physics, the methods are used to control the
validity of the data fitting procedure in the liquid drop
model (LD) [2], finite-range droplet model [3], Lublin-
Strasbourg Drop model [4], Woods-Saxon model [5, 6],
and Skyrme (like) force [7–9]. Various of observed data
can be considered in the fitting procedure, such as the
nuclear mass, radius, single particle energies, deforma-
tions, and so on. Taking nuclear mass models for ex-
ample, the total uncertainties are obtained to be around
0.5 MeV from the fitting procedure in the finite-range
droplet model [3], the Lublin-Strasbourg Drop model [4],
the Hartree-Fock-Bogoliubov model [10, 11], and the
Weizsa¨cker-Skyrme mass model [12, 13]. The recent ver-
sion of Weizsa¨cker-Skyrme mass model considers the ef-
fect of the surface diffuseness, which is important for nu-
clei with extreme isospin [13]. Such effect is especially ev-
ident for the extremely neutron-rich nuclei, because the
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valence neutron may extend very far due to the lack of
the Coulomb barrier. Recent investigation on the heav-
iest known neutron-halo nuclei, 22C, show that the up-
per limit of the radius is a key characteristic of the two-
neutron halo [14].
It is of great interesting to investigate the details of the
total uncertainty obtained from fitting procedures. The
total uncertainty normally comes from three parts, the
model, the experiment, and the numerical method [1].
The uncertainty from the model consists two parts, the
statistical uncertainty from the not exactly determined
parameters and the systematic uncertainty from the de-
ficiency of the model. The systematic uncertainty is hard
to be estimated because its origin is the deficiency of the
theoretical model [1]. In Ref. [15], the systematic un-
certainty are obtained by comparing a variety of models.
Two illustrative examples are given to estimate the sys-
tematic uncertainty by analysing the residues [1].
Here we suggest a practical method to decompose the
statistical and systematic uncertainties from the total un-
certainty and its distribution in one model in the case
of large sample. In the case of large sample, both dis-
tributions of statistical and systematic uncertainties are
considered as normal distributions. The moments of the
residues are used to constrain the normal function. In
the parametrization of the model, the uncertainty of each
model parameters is obtained through the standard fit-
ting procedure. The standard deviation of the statistical
2uncertainty is estimated through the randomly generated
parameters following the normal distribution defined by
their uncertainties.
To decompose the total uncertainty, as an example,
a possible choice is applying to the LD because of its
simplicity. The uncertainty of the model parameters can
be easily obtained through the linear fitting procedure.
One of the well known deficiencies of the LD is the lack of
the shell effect. It is helpful for further discussion when
the present decomposition method applying to the LD
with and without the shell effect.
II. THEORETICAL FRAMEWORK
An observed data Y is described by a model with a
few parameters (X1, X2...). After fitting procedure, the
values and uncertainties of all parameters are obtained,
Xi and σi for the ith parameters. Its total uncertainty,
defined by the residue e = Y (X1, X2...) − Y (Expt.), in-
cludes three parts, the uncertainties from the model, the
experiment, and the numerical method [1]. In the present
study, only uncertainties from the model are considered
for simplicity, including statistical and systematic uncer-
tainties. It is reasonable for the LD because the experi-
mental uncertainty of the binding energy is generally very
small [22] and the numerical uncertainty of a linear and
analytical model is negligible.
The distribution of the total uncertainty is the sum of
the distributions of the statistical and systematic uncer-
tainties. In the case of a large sample, it is reasonable to
suppose that the statistical and systematic uncertainties
follow the normal distribution, although not exactly. A
normal distribution is labeled as N(m,σ), with the mean
value m and the standard deviation σ. The distribution
of total uncertainty is:
f(e) = f(stat) + f(syst)
=
1
2
N(mstat, σstat) +
1
2
N(msyst, σsyst). (1)
where 12 is the normalized factor. The mean values mstat
and msyst are generally separated, which is rarely dis-
cussed in the previous works.
The moments are important quantities in the descrip-
tion of a distribution, such as the mean value (first mo-
ment), variance (second moment), skewness (third mo-
ment), kurtosis (fourth moment). Applying the calcula-
tions of moments to Eq. (1):
m(e) =
1
2
(mstat +msyst)
σ2(e) =
1
2
(m2stat + σ
2
stat +m
2
syst + σ
2
syst)
p3(e) =
1
2
(m3stat + 3mstatσ
2
stat +m
3
syst + 3msystσ
2
syst)
p4(e) =
1
2
(m4stat + 6m
2
statσ
2
stat + 3σ
4
stat +
m4syst + 6m
2
systσ
2
syst + 3σ
4
syst) (2)
The moments in the left hand side are calculated through
the distribution of Y (X1, X2...) − Y (Expt.). The right
hand side is obtained through the properties of the nor-
mal distribution. In principal the mean values and vari-
ances of the statistical and systematic uncertainties can
be obtained through Eq. (2). However it sometimes has
no physical solution because the normal distribution as-
sumption is not exactly.
The variance of the statistical uncertainty can be sim-
ulated through Xi and σi:
σ2stat =
ΣMk=1[Y (X
′
i)k − Y (Xi)k]
2
M
. (3)
X ′i is randomly generated through a normal distribution
N(Xi, σi). The statistical uncertainty comes from the
uncertainty of the parameters of the model. For the kth
term, we randomly select one Yk and one parameter Xi
from all possible candidates, while other parameters the
same as the best fitted values. The number M is cho-
sen to be sufficient large comparing with the number of
the observed data. Such procedure simulates the devi-
ation comes from the uncertainty of the parameters of
the model. It is the estimation of the variance of the
statistical uncertainty.
Together with the first two equations in Eq. (2), one
can express msyst and σsyst by m(e), σ(e), σstat, and
mstat. Only one unknown remains in the latter two equa-
tions in Eq. (2). One can calculate the p3 and p4 as the
function of mstat and minimize,
△p = |p
1/3
3 (e)− p
1/3
3 (mstat)|+ |p
1/4
4 (e)− p
1/4
4 (mstat)|,
to estimate the value of mstat, which is the criteria for
the present study. The method discussed is labeled as
the uncertainty decomposition method (UDM).
In the present work, the UDM is applied to the LD.
The LD is an empirical model describing the binding
energies and other bulk properties of nuclei. Micro-
scopic approaches describe the binding energies of most
nuclei with good accuracy, such as the energy density
functional theory [15] and the Hartree-Fock-Bogoliubov
method [10]. Some other microscopic approaches, such
as the nuclear shell model, concentrate on the light and
medium mass nuclei. Our previous works show that the
shell model can give a precise description on the light
nuclei from stability line to both the neutron and proton
drip line [18]. The LD can give well description on the
binding energies of nuclei [3, 16] with the standard shell
correction procedure [17].
The original LD mass formula includes the volume en-
ergy, the surface energy, the Coulomb energy, the volume
term of proton-neutron asymmetry energy, and the par-
ing energy [19]. Many additional terms are introduced
to include more physical effect. Such as, the surface en-
ergy of proton-neutron asymmetry is introduced to the
LD mass formula [2]. The LD mass formula is given as:
BE(A,Z)LD6 = avA− asA
2/3 − acZ(Z − 1)A
−1/3
−avaI(I + 1)/A+ a
s
aI(I + 1)/A
4/3
3+δapA
−1/2, (4)
where I = |A − 2Z| and δ = 1, 0,−1 for even-even, odd-
even, and odd-odd nuclei, respectively. From and after
we label Eq. (4) as LD6 because of its six parameters. It
should be noted that there are several forms of the sur-
face asymmetry term when introducing to the LD [20].
These six parameters are considered to be the most im-
portant terms for nuclear binding in a macroscopic view
and reproduce experimental binding energies, generally
speaking, within the precision of 1%. The largest devia-
tion comes from the lack of the shell effect.
Strutinsky procedure is the standard method to intro-
duce the shell effect to the LD [17]. A shell correction
term is presented as the function of the number of the
valence nucleons respected to the closed shell [21]:
BE(Np, Nn)shell = a1Fmax + a2F
2
max, (5)
where Fmax = (Np + Nn)/2 with Nn(p) is the number
of the valence neutron (proton) respected to the nearest
closed shell. It is obvious that in an illustrative view the
shell correction is related to the number of the valence
nucleons. Here, we use an illustrative function for shell
correction to ignore the numerical uncertainty and for
further discussion:
G(Z,N) = (Z +N)ΣZ0,N0e
−
(Z−Z0)
2+(N−N0)
2
a2
0
where Z0 and N0 are the spin-orbit magic numbers, 28,
50, 82 for both proton and neutron, and 126 for neutron,
and
BE(Z,N)shell = ashG(Z,N), (6)
with ashell the strength of the shell correction. The func-
tion considers the shell effect in an illustrative way that
the nuclei around doubly magic nuclei get extra binding
energy. The shell correction decreases when nuclei go far
away from the doubly magic nuclei, with a20 the scale of
the distance. The exclusion of the magic numbers 8 and
20 is because the LD6 do not show the systematic ne-
cessity of the extra binding energy for the nuclei around
these two magic numbers. The possible reason is that
the LD works insufficiently in the light region.
With the shell correction term Eq. (6), the LD mass
formula can be written as:
BE(A,Z)LD8 = avA− asA
2/3 − acZ(Z − 1)A
−1/3
−avaI(I + 1)/A+ a
s
aI(I + 1)/A
4/3
+BE(Z,A− Z)shell + δapA
−1/2, (7)
which is labeled as LD8 in the later discussion. In the
following section, the UDM is applied to the LD.
III. UNCERTAINTY DECOMPOSITION OF
LIQUID DROP MODEL
We first determine the parameters of the LD6 and
LD8 by fitting to three sets of the experimental data,
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3
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(mstat)| as the function of mstat, taking
AME2012LD8 as an example.
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FIG. 2. (Color online) The cumulative counts of the residues
of the binding energies and the corresponding estimated un-
certainties in AME2012LD6 and AME2012LD8.
AME1995, AME2003, and AME2012. In the fitting,
we only consider nuclei with experimental uncertainty
smaller than 0.2 MeV. Because the standard deviations
of LD6 and LD8 are much larger than 0.2MeV, the exper-
imental uncertainty is ignored in the following discussion.
The light nuclei (Z < 7 and N < 7) are also excluded.
Table I presents the parameters and their standard de-
4TABLE I. Six sets of parameters including standard deviations of each parameter in parentheses for the LD6 and LD8 fitted
to AME1995, AME2003, and AME2012, the mean value m(e), standard deviations σ(e), skewness to the power of 1/3, p
1/3
3
(e),
and kurtosis to the power of 1/4, p4(e), of the residues of the binding energies. All data are in the unit of MeV except the
dimensionless quantity a20.
Model data av as ac aav aas ap ash a
2
0 m(e) σ(e) p
1/3
3
(e) p
1/4
4
(e)
LD6 AME1995 15.705(25) 17.933(80) 0.7060(18) 29.21(21) 38.90(1.11) 11.65(86) 0.01 2.61 -2.74 3.80
LD6 AME2003 15.683(23) 17.851(73) 0.7052(16) 28.89(18) 37.47(95) 12.44(76) 0.08 2.47 -2.62 3.69
LD6 AME2012 15.671(21) 17.807(69) 0.7041(14) 28.99(16) 37.73(78) 12.14(74) 0.08 2.52 -2.71 3.78
LD8 AME1995 15.674(14) 17.923(44) 0.7012(10) 29.70(12) 40.84(62) 11.90(48) 0.0615(10) 40 -0.04 1.44 -1.02 1.86
LD8 AME2003 15.668(13) 17.894(41) 0.7012(9) 29.52(10) 39.99(54) 12.33(43) 0.0624(9) 40 0.04 1.39 -0.95 1.82
LD8 AME2012 15.656(12) 17.859(39) 0.7002(8) 29.53(9) 40.01(43) 12.24(41) 0.0642(9) 40 -0.03 1.41 -1.07 1.85
TABLE II. Four estimated normal parameters, and the variance of the estimated uncertainties with six sets of the parameters
obtained from the LD6 and LD8 fitted to AME1995, AME2003, and AME2012. All data are in the unit of MeV, except the
1
2
(m2stat + σ
2
stat) and
1
2
(m2syst + σ
2
syst) in MeV
2.
Model data mstat σstat msyst σsyst
1
2
(m2stat + σ
2
stat)
1
2
(m2syst + σ
2
syst)
LD6 AME1995 1.02 1.63 -1.00 2.98 1.84 4.95
LD6 AME2003 1.01 1.66 -0.86 2.77 1.89 4.22
LD6 AME2012 1.05 1.66 -0.88 2.85 1.93 4.45
LD8 AME1995 0.94 0.91 -1.03 1.17 0.86 1.22
LD8 AME2003 0.81 0.92 -0.74 1.33 0.75 1.16
LD8 AME2012 0.91 0.86 -0.96 1.22 0.78 1.20
viations obtained by the linear fitting. The standard de-
viations of parameter a20, scaling the distance to doubly
magic nuclei, is not given because it is fixed in the lin-
ear fitting. Actually, part of its uncertainty is included
in the uncertainty of the strength of the shell correction,
VZ0,N0 . If we change the a
2
0 from 40 to 30 or 50 and re-
fit, the total uncertainty changes little (< 0.05 MeV). All
parameters keep almost the same (around 0.1% change)
except the VZ0,N0 (around 8% change). In the following
discussion, only the uncertainty of the first seven param-
eters in LD8 is investigated, with the fixed a20. Three
sets of the parameters and moments in LD6 or LD8 are
close to each other indicating the LD gives the similar
description for both early and newly discovered nuclei.
After the parameters and their uncertainties are ob-
tained, the UDM introduced in the section II is used
to decompose the statistical and the systematic uncer-
tainties. Taking AME2012LD8 as an example, FIG. 1
presents ∆p, ∆p3 and ∆p4 as the functions of mstat.
There are three solutions for ∆p3 = 0 and two solutions
for ∆p4 = 0. The solution mstat = 0.91 corresponds to
the minimums of ∆p. Thus we estimate the mstat to be
0.91 and calculate corresponding msyst and σsyst. The
results are presented in the Table II. The 12 (m
2
syst+σ
2
syst)
and 12 (m
2
syst + σ
2
syst) are the variances of the statistical
and systematic uncertainties, respectively. From the data
AME1995 to AME2012, both the statistical and system-
atic uncertainties in LD6 or LD8 are closed to each other,
which are around 1.9 and 4.5 MeV2 in LD6, 0.8 and 1.2
MeV2 in LD8. In Ref. [1], it is explained that the sta-
tistical uncertainty has the same magnitude as the total
uncertainty and is proportional to NdNd−Np , where Nd and
Np are the numbers of the data and parameters, respec-
tively. The numbers of data selected from AME1995,
AME2003, and AME2012 in present work are 1704, 2057,
and 2302, respectively, which are much larger than the
number of the parameters. The similar statistical and
systematic uncertainties obtained from the different data
sets are reasonable in the present fixed model with large
samples. Both the statistical and systematic uncertain-
ties reduce from the LD6 to LD8. The reduction of the
statistical uncertainty is because of the increment of the
number of the parameters. After an illustrative inclu-
sion of the shell effect, the systematic uncertainty also
reduces.
It is necessary to see whether the statistical and sys-
tematic function obtained from the UDM can describe
the distribution of the residues. Figure 2 presents the
cumulative counts of the distribution of the total and es-
timated uncertainties. It is seen that the estimated dis-
tribution from the LD8 give better description than that
from the LD6. It indicates that the normal assumption
of the systematic uncertainty is not exactly in the LD6
because of the lack of the shell effect. The binding ener-
gies of the doubly magic and nearby nuclei are generally
much larger than the LD6 calculations, resulting the de-
viation from a normal distribution. From the LD6 results
in FIG. 2, around 5% of the data have deviations smaller
than −5 MeV (smallest one −11.515 MeV), but no devi-
ations larger than 5 MeV (largest one 4.388 MeV). It is
shown that the UDM can give an approximately solution
for models with a large deficiency. Although the LD8 has
certain deficiencies, such as the not exactly treatment of
shell effect, the lack of the deformation and so on, the
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FIG. 3. (Color online) The estimated normal statistical
distribution and the simulated distribution of Eq. (8) from
AME2012LD8, when the latter ignoring terms with σ =
σaiBi,Z,A < 0.01, 0.1, and 0.5 MeV.
total uncertainty of the LD8 can be well described by
the UDM. It means the normal assumption of the sys-
tematic uncertainty is reasonable which agrees with the
central limit theorem. If the impact of each deficiency is
small, the distribution of systematic uncertainty can be
assumed to be normal distribution in the case of large
sample. More discussions on the validity of the method
are in the next section. The UDM gives nice description
for the models with certain deficiencies. If the contribu-
tion of all deficiencies are smaller, characterized by the
less variance and more symmetric distribution of the to-
tal uncertainty, the UDM works better as shown from
the LD6 to LD8.
IV. VALIDITY OF THE METHOD
The UDM assumes that both the statistical and sys-
tematic uncertainties follow the normal distribution. The
assumption should be tested to see its validity. The simu-
lated distribution of the statistical uncertainty described
in Eq. (3) can be exactly presented. If only the parameter
av changes, the simulated statistical residue is (av−a
′
v)A
for certain nucleus (A, Z), where a′v follows the normal
distribution N(av, σav ). The distribution of (av−a
′
v)A is
a normal distribution N(0, σavA). The simulated distri-
bution of the statistical uncertainty is actually the sum-
mation of the normal distributions for all possible nuclei
(A, Z) and parameters ai:
f(stat) =
1
2
1
NpNd
ΣZ,AN(0, σaiBi,Z,A), (8)
where ai and Bi,Z,A are the parameter of the ith term in
the LD and the corresponding function of A and Z, re-
spectively. Such as Bi,Z,A is A for volume term.
1
2
1
NpNd
is
TABLE III. The Lilliefors and Jarque-Bera normal tests for
the residues of the binding energies of the light, heavy, and
all nuclei in AME2012LD8.
data test method p-value
all Lilliefors test ≤0.1%
all Jarque-Bera test ≤0.1%
light Lilliefors test 28.4%
light Jarque-Bera test 10.7%
heavy Lilliefors test 8.4%
heavy Jarque-Bera test 2.0%
the normalized factor, where Np and Nd are the numbers
of the data and the parameters, respectively.
A normal distribution is used as the statistical dis-
tribution in the discussion of the section III. Figure III
presents the comparison between the simulated distribu-
tion and the normal statistical distribution obtained for
AME2012LD8. It should be noted that there are many
zero and small terms of σaiBi,Z,A in the Eq. (8). The
simulated distribution has rather high peak at the cen-
ter which is not expected in a realistic situation. If zero
and small σ = σaiBi,Z,A terms in Eq. (8) is neglected,
the simulated distribution is quite similar to the normal
statistical distribution. The normal assumption of the
statistical distribution is a kind of renormalization of the
simulated distribution.
More tests can be performed to see that the normal
assumption of the statistical and systematic distribution
is acceptable. The liquid drop model is more suitable to
describe the heavy nuclei than the light nuclei. One can
assume that the residues from the heavy nuclei of the
LD8 is more contributed by the statistical uncertainty
while that from the light nuclei is more contributed by
the systematic uncertainty. Table III presents two widely
used normal test methods, Lilliefors [23] and Jarque-Bera
tests [24], on the residues of the light (8 ≤ Z ≤ 20),
heavy (Z ≥ 90), and all nuclei in AME2012LD8. The
residues of all nuclei are rejected to be taken from a nor-
mal distribution at 1% significant level (the significant
level for rejection is smaller than 0.1%). The residues
of the light and heavy nuclei can not be rejected at 1%
and 5% (except the Jarque-Bera test for heavy nuclei)
significant levels. The normal distribution is an accept-
able estimation (not exact) for the distributions of the
residues of light and heavy nuclei, and the distributions
of systematic and statistical uncertainties.
The validity of the relationship of the Eq. (1) can
be further investigated through the consideration of the
specific nuclei. Besides the light and heavy nuclei,
one can assume that the residues of the nuclei close
to and far from shell are expected to be more con-
tributed by the systematic and statistical uncertainties
in LD6, respectively. Figure 4 presents the distribu-
tion of the residues of the light and heavy nuclei in
AME2012LD8 and AME2012LD6, and those of the nu-
clei close to and far from shell in AME2012LD6. The
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FIG. 4. (Color online) The distribution of the residues of the
binding energies of the light and heavy nuclei, nuclei close to
and far from shell (only for AME2012LD6), all nuclei, and
corresponding estimated uncertainties of AME2012LD8 and
AME2012LD6.
“close to” and “far from” shell are defined by the value
of ΣZ0,N0e
−
(Z−Z0)
2+(N−N0)
2
a2
0 in the Eq. (6), larger than
0.1 and smaller than 0.01, respectively. It is clearly seen
that the distributions of these specific nuclei do agree
with the physical consideration, the residues of light and
close to shell nuclei, f(e)light and f(e)close, are mostly
distributed inside the f(syst), and those of heavy and
far from shell nuclei, f(e)heavy and f(e)far, are mostly
inside the f(stat). Although f(e)heavy in the LD8 and
f(e)light in the LD6 distribute in the mixed region, their
centroid are more closed to the centroid of f(stat) and
f(syst), respectively. Figure 4 provides an examination
on the Eq. (1). The shell effect is the most important
systematic uncertainty in LD6, which strongly underes-
timate the binding energies of the nuclei close to shell.
Almost all large negative residues of LD6 come from the
shell effect. The relationship f(e) = f(e)close = f(syst)
is well satisfied at the region smaller than −4 MeV, where
the f(stat) becomes zero. At another side, an approx-
imately f(e) = f(e)far = f(stat) can be found at the
region larger than 2 MeV, of which the deviation comes
from the tail of f(syst).
The fitting procedure finds a balance for the statisti-
cal and systematic uncertainty. The normalized factor in
Eq. (1) is expected to be 12 in the best fitted case. The
residues of the specific nuclei may be more contributed
by one kind of the uncertainty. It is interesting to see the
agreement between the above discussions and the UDM
results from these specific regions with the same normal-
ized factor 12 . Table IV presents the UDM results, mean
value m, and the standard deviation σ of the four spe-
cific regions in AME2012LD6. It should be noted that
the centroid of the residues for the specific regions may
deviate largely from zero. The variances of the statistical
and systematic uncertainties are 12 ((mstat −m)
2 + σ2stat)
and 12 ((msyst −m)
2 + σ2syst). It is seen that the contri-
bution of the systematic and statistical uncertainties are
large for the residues of nuclei close to and far from shell,
respectively. If the normalized factors of corresponding
uncertainties are increased, the value of the criteria of the
UDM become more close to zero and the contribution of
the uncertainty become larger, which are expected.
It should be emphasized that the statistical variance
simulated through the Eq. (8) is meaningful in the global
region, not in the specific regions, such as the heavy
and light nuclei. Because the parameters of the LD and
their standard deviations are fitted to all nuclei, a repre-
sentative sample including all degrees of freedom of the
model, which mean A, A2/3, Z(Z − 1)A−1/3, I(I +1)/A,
I(I + 1)/A4/3, and δA−1/2 in the Eq. (4). They are ex-
pected to be suitable for representative nuclei including
all of these degrees of freedom, such as nuclei close to
and far from shell distributing in all region on the chart
of nuclide. They may not be suitable for specific region
on the chart of nuclide, such as the heavy and light nu-
clei. The value of σstat of the nuclei far from shell agrees
well with the σ even if systematic uncertainty is not con-
sidered. The σstat may be overestimated and underesti-
mated for the heavy and light nuclei, respectively, seen
from the Table IV. The estimated statistical variance of
the residues of the heavy nuclei σ2stat > 2σ
2 is beyond the
ability of the UDM. One possible explanation is that one
can not clarify the systematic uncertainty if the statisti-
cal uncertainty is very large. It can be seen from Eq. (8)
that the simulated statistical variance become larger as
A increases because of increasing σavA and σasA
2/3, and
smaller when A decreases. The heavy and light nuclei
are not representative samples because they only include
large or small A when the parameters are obtained from
all possible A. In Ref. [15], the statistical uncertainty of
the two-neutron drip line estimated from energy density
functionals increases from the light to heavy nuclei.
The centroid of f(stat) of AME2012LD6 is estimated
to be 1.05 MeV, seen from Table II, deviates from the
estimated mstat in the Table IV (mstat is estimated as
m for the heavy nuclei). It indicates that the normal as-
sumption of f(stat) is an estimation of the summation of
7TABLE IV. Four estimated normal parameters, the variance of the estimated uncertainties, the mean value and standard
deviations of the residues of the binding energies of the light and heavy nuclei, the nuclei close to and far from shell in
AME2012LD6. All data are in the unit of MeV, except the 1
2
(m2stat + σ
2
stat) and
1
2
(m2syst + σ
2
syst) in MeV
2.
data mstat σstat msyst σsyst
1
2
((mstat −m)
2 + σ2stat)
1
2
((msyst −m)
2 + σ2syst) m σ
close to shell 0.06 0.87 -4.00 2.66 2.44 5.59 -1.97 2.83
light 1.41 0.47 -1.59 1.08 1.23 1.71 -0.08 1.72
far from shell 0.54 1.83 1.71 0.70 1.84 0.42 1.12 1.50
heavy 2.62 1.60 1.13
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FIG. 5. (Color online) The distribution of the residues of the
binding energies on the chart of nuclide of the AME2012LD8
and AME2012LD6.
many distributions with different centroids and standard
deviations.
V. INVESTIGATIONS ON UNMEASURED
NUCLEI
Figure 5 presents the residues of AME2012LD6 and
AME2012LD8. It is clearly seen that the residues be-
tween the LD and the observed data is rather locally
TABLE V. The mean values (the same as Table II), the es-
timated standard deviations, and the variance of the statis-
tical uncertainties nuclei for the nuclei from (Amax + 1, Z)
to (Amax +5, Z) in AME2012LD8 and AME2012LD6, where
(Amax, Z) is the heaviest nuclei for each isotopes. All data
are in the unit of MeV, except the 1
2
(m2stat + σ
2
stat) in MeV
2.
model mstat σstat
1
2
(m2stat + σ
2
stat)
LD8 0.91 1.01 0.92
LD6 1.05 1.95 2.46
dependent, such as the nuclei close to shell have larger
negative residues and heavy nuclei have positive residues
in the LD6. The simulated systematic uncertainty may
be not suitable for the specific regions of nuclei as dis-
cussed before. It is interesting to further investigate on
how present method can be applied to unmeasured nu-
clei, such as the extreme neutron-rich nuclei. Table V
shows the estimated statistical uncertainties for the nu-
clei from (Amax+1, Z) to (Amax+5, Z) in AME2012LD8
and AME2012LD6, where (Amax, Z) is the heaviest nu-
clei for each isotopes. The mean values mstat in Ta-
ble V are taken to be the same as estimated in Table II.
The estimated statistical uncertainties are slightly larger
than those of the measured nuclei because of larger A.
It is acceptable to use such statistical uncertainties for
the global investigation of the unmeasured neutron-rich
nuclei, but with relatively large uncertainties. Better
choices are discussed for specific cases.
One possible choice is to calculate the mean values
and the standard deviations for the measured nuclei
around the unmeasured ones. Then use these two val-
ues to modified the calculations. Such as the mean
value and the standard deviation of the residues are 1.60
and 1.13 MeV for heavy nuclei in AME2012LD6, re-
spectively. The calculated BE(A,Z)LD6 of an unmea-
sured nucleus in this region is expected to be modified
as BE(A,Z)LD6 − 1.60 ± 1.13 MeV, which has much
less standard deviation compared with that of the all
residues, 2.52 MeV. As seen in FIG. 4, the distributions
of specific nuclei are generally much smaller than the dis-
tribution of the residues except the nuclei close to shell.
Another choice is to investigate the neutron separa-
tion energies, which have smaller residues and less lo-
cal dependance than those of binding energies, seen from
FIG. 6. Sn(A,Z) = BE(A,Z) − BE(A − 1, Z) reduces
8TABLE VI. Four estimated normal parameters, the variance of the estimated uncertainties, the mean value and standard
deviation of the residues of the neutron separation energies in AME2012LD8 and AME2012LD6. All data are in the unit of
MeV, except the 1
2
(m2stat + σ
2
stat) and
1
2
(m2syst + σ
2
syst) in MeV
2.
Model data mstat σstat msyst σsyst
1
2
(m2stat + σ
2
stat)
1
2
(m2syst + σ
2
syst) m σ
LD8 all 0.06 0.67 -0.01 0.31 0.23 0.05 0.03 0.52
LD8 heavy 1.06 -0.03 0.27
LD8 light 1.05 0.16 -0.83 0.41 0.67 0.72 0.11 1.00
LD6 all 1.31 0.07 0.66
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FIG. 6. (Color online) The distribution of the residues of
the neutron separation energies on the chart of nuclide of the
AME2012LD8.
the systematic uncertainties because many neighbour nu-
clei have similar systematic trends, such as the shape and
shell effect. The UDM results of the neutron separation
energies of AME2012LD8 and AME2012LD6 in Table VI
show that the residues are mostly contributed by the sta-
tistical uncertainties. σstat of the heavy and light nuclei
have similar situation to the Table IV, larger and smaller
than that of all nuclei, respectively. But the increment of
σstat from all nuclei to heavy nuclei of the neutron sep-
aration energies (58%) is much smaller than that of the
binding energies (200%). It is a better choice to discuss
the uncertainty of the separation energies rather than
that of the binding energies.
The unmeasured super heavy nuclei (SHE) are very
important. The present method has its limitation on the
discussion on the SHE. The LD give nice description on
the heavy nuclei, small σ but much larger estimated un-
certainty σstat, seen from Table IV and VI. Better meth-
ods to estimate the uncertainty of heavy nuclei should be
considered in the future. The further discussion on the
drip line and the SHE are not scheduled in the present
work.
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FIG. 7. (Color online) The distribution of the residues of
the binding energies on the chart of nuclide of the LD7 fitted
to the nuclei around the stability line in AME2012. Only
the nuclei around stability line are shown in the upper panel,
while the others are together shown in the lower panel.
VI. START FROM STABILITY LINE
It is interesting to see what the LD and UDM results
are if only the nuclei around stability line are known,
which is helpful for the understanding how the unmea-
sured nuclei can be described through the present ob-
served data. 597 nuclei are selected from AME2012,
which are around the stability line Z = A/2
1+0.0077A2/3
[19]
9TABLE VII. Four sets of parameters including standard deviation of each parameter in parentheses for the LD5, LD6, LD7,
and LD8 fitted to the nuclei around stability line in AME2012, the mean value m(e), standard deviation σ(e), skewness to
the power of 1/3, p
1/3
3
(e), and kurtosis to the power of 1/4, p4(e), of the residues of the binding energies of the nuclei around
stability line and all measured nuclei. All data are in the unit of MeV except the dimensionless quantity a20.
Model data av as ac aav aas ap ash a
2
0 m(e) σ(e) p
1/3
3
(e) p
1/4
4
(e)
LD5 stability 16.231(50) 19.17(16) 0.7590(38) 23.25(15) 12.1(1.5) -0.02 2.59 -2.63 3.81
LD5 all -1.78 4.17 -5.80 7.79
LD6 stability 15.786(90) 18.13(23) 0.7151(83) 28.11(84) 32.9(5.6) 11.8(1.4) -0.01 2.52 -2.71 3.76
LD6 all -0.32 2.67 -2.73 3.83
LD7 stability 16.282(30) 19.387(95) 0.7590(23) 23.757(91) 11.96 (88) 0.0536(17) 40 -0.02 1.57 -1.05 2.03
LD7 all -1.74 3.74 -6.01 8.28
LD8 stability 15.671(48) 17.97(12) 0.6987(44) 30.46(45) 45.3(3.0) 11.56(74) 0.0559(14) 40 -0.01 1.33 -0.88 1.69
LD8 all 0.26 1.49 0.65 1.92
TABLE VIII. Four estimated normal parameters, the variance of the estimated uncertainties, the mean value and standard
deviations of the residues of the binding energies of nuclei around stability line and all measured nuclei with four sets of the
parameters obtained from LD5, LD6, LD7, and LD8 fitted to the nuclei around stability line in AME2012. All data are in the
unit of MeV, except the 1
2
(m2stat + σ
2
stat) and
1
2
(m2syst + σ
2
syst) in MeV
2.
Model data mstat σstat msyst σsyst
1
2
((mstat −m)
2 + σ2stat)
1
2
((msyst −m)
2 + σ2syst) m σ
LD5 stability 4.00 -0.02 2.59
LD5 all -1.47 4.13 -2.09 4.20 8.59 8.81 -1.78 4.17
LD6 stability 5.07 -0.01 2.52
LD6 all 5.22 -0.32 2.67
LD7 stability 2.22 -0.02 1.57
LD7 all -0.30 2.29 -3.19 4.30 3.68 10.30 -1.74 3.74
LD8 stability 2.49 -0.01 1.33
LD8 all 2.57 0.26 1.49
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FIG. 8. (Color online) The distribution of the residues of
the binding energies of the nuclei around stability line and all
nuclei, and the corresponding estimated uncertainties of the
LD7 fitted to the nuclei around stability in AME2012.
and with the small observed uncertainties of the binding
energies (in general, △BEexpt < 1 keV at 8 ≤ Z ≤ 40,
< 2 keV at 41 ≤ Z ≤ 70, and < 3 keV at Z ≥ 71).
Table VII presents the parameters obtained from these
data for LD8, LD6, LD7, and LD5. The fittings of the
LD8 and LD6 give large uncertainty on the surface asym-
metry term. The LD7 and LD5 are then fitted without
this term, defined as follow, respectively:
BE(A,Z)LD7 = avA− asA
2/3 − acZ(Z − 1)A
−1/3
−avaI(I + 1)/A+BE(Z,A− Z)shell
+δapA
−1/2, (9)
BE(A,Z)LD5 = avA− asA
2/3 − acZ(Z − 1)A
−1/3
−avaI(I + 1)/A+ δapA
−1/2. (10)
It is obvious that the nuclei around stability line are
less representative than all measured nuclei with larger
uncertainties in each parameters of the LD, partially be-
cause of the less number of the data and partially because
of the different function of each parameter. For example,
both the paring and shell terms are less correlated to
the isospin and other terms. The uncertainty of these
two parameters changes not much for the data from the
stability line to all measured nuclei because the most im-
portant change is on the isospin degree of freedom. The
uncertainty of the volume and surface asymmetry term
changes a lot as the isospin changes. The uncertainty
of the surface asymmetry term is much larger than that
of the volume asymmetry term because I(I + 1)/A4/3
is generally much smaller than I(I + 1)/A. Thus the
uncertainty of the surface asymmetry term is very large
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(around 10%) if only nuclei near stability line is consid-
ered. It is stated in Ref. [2] that the form of the surface
symmetry term is obtained not from any evidence of the
nuclear mass but from the form of the volume asymmetry
term.
The UDM results of these sets of parameters of the
LD are presented in the Table VIII. Because of the large
uncertainties of the parameters, the estimated σ2stat is
larger than 2σ2 in most cases, which is the limitation of
the UDM. Although the systematic uncertainties can not
be determined among the large statistical uncertainties,
many interesting discussions can be addressed.
The standard deviations σ of the nuclei around stabil-
ity line decrease a little from the LD5 to LD6 and from
the LD7 to LD8 because of the added surface asymmetry
term while the statistical uncertainty increases. It indi-
cates that this term is not very necessary for the nuclei
around stability line, which agrees with the original form
of the LD. In the LD6 and LD8, σ of the residues from
stability line are similar compared with to that from all
measured nuclei. Although the surface asymmetry term
can be excluded when the data is around stability line
and its uncertainty is rather large if included, its value is
acceptable obtained (the best fitted values in Table I are
inside aas ± 2σaas in Table VII) and very useful for the
prediction. It is reasonable because the surface asym-
metry term has its physical meaning on the isospin de-
gree of freedom. The real uncertainty is less than the
estimation. The situation of the heavy nuclei is similar.
Although the estimated uncertainty is large, the real un-
certainty is much smaller for both the binding energies
and the neutron separation energies because the liquid
drop assumption is suitable for the heavy nuclei.
In the LD5 and LD7, σ of the residues from all mea-
sured nuclei are dramatically larger compared with that
from stability line. It is expected because the nuclei near
stability line, Z = A/2
1+0.0077A2/3
, is nearly one dimen-
sion on the chart of nuclei, which misses many terms on
isospin degree of freedom correlated to other degrees of
freedom. Such as, for certain Z, A−2Z is limited around
0.0077A2/3
1+0.0077A2/3
. The correlation between Z and otherA−2Z
are missing. Figure 7 presents the comparison of the re-
sults of the LD7 for both the nuclei around stability line
and all measured nuclei. It is clearly seen that the pa-
rameters obtained from the stability line fail when ap-
proaching to neutron- and proton-rich nuclei. It is nice
to see that the standard deviations of the statistical un-
certainties σstat keep almost the same from the stability
line to all measured nuclei in both the LD5 and LD7.
Such estimated σstat can be used in the UDM and give
nice description on the residues, seen from FIG. 8 taking
the LD7 for example. Although estimated σstat seem to
be large when only data around stability line is concen-
trated, their values are indeed useful for predictions in
the global chart of nuclide even if some important terms
are missing, such as the surface asymmetry term. But
of course the systematic uncertainty may be very large.
It is expected that the estimated σstat obtained from the
present observed data in Sec. III is useful to scale the
statistical uncertainty for unmeasured nuclei. But as dis-
cussed before, such estimations are more suitable for a
global investigation, may not for local cases.
In FIG. 8, the normalized factor of f(stat)stability is set
to be one, which shows that the statistical uncertainty is
very large that the systematic uncertainty can not be
clarified for the nuclei around the stability line. It is seen
that the systematic uncertainty less contributes to the
residues of these nuclei with the same set of parameters
when the data changes to all measured nuclei.
VII. SUMMARY
In conclusion, a method is suggested to decompose the
statistical and systematic uncertainties of a theoretical
model after fitting procedure. The two uncertainties are
obtained through the total uncertainty and the model
parameters obtained from the fitting. Such uncertainty
decomposition method (UDM) are applied to the liquid
drop model (LD) as an example. The estimated distribu-
tion can well reproduce the distribution of the residues
of the binding energies. The specific nuclei locate where
the physical considerations expect in the estimated dis-
tribution obtained without these considerations. Such as
the light nuclei and nuclei close to shell locate mostly in-
side the distribution of the systematic uncertainty, while
the heavy nuclei and nuclei far from shell inside the dis-
tribution of the statistical uncertainty. The results are
obtained purely from the mathematic forms of the LD
and the observed data. Thus the UDM may be useful for
the discovery of hinted physics in certain cases. The va-
lidity of the UDM is tested through various approaches.
It is acceptable that the distribution of the statistical and
systematic uncertainties are assumed to be normal.
The present work is constrained in the simple model
under the simple statistical assumptions to see what can
be obtain from the residues. It should be noted that the
realistic distributions of the statistical uncertainty from
the model parameters and the parameters themselves are
still not clearly known for the present simple model and
some modern nuclear mass model, such as the Hartree-
Fock-Bogoliubov model [10, 11] and the Weizsa¨ecker-
Skyrme mass model [12, 13]. Some advanced method to
deal with the systematic uncertainty of the mass model
are of great interesting, such as the image reconstruction
techniques [25], the radial basis function approach [26],
and the method for the evaluation of AME2012 [22, 27].
The former two reconstruct the uncertainty through the
systematic trends of the residues, while the latter eval-
uates huge amount of the observed values and their un-
certainties.
The present work also shows the effectiveness and limi-
tation of the UDM in the investigation of the unmeasured
nuclei. In a global view, the statistical uncertainty are
well estimated even when certain important terms in the
model are missing. The statistical uncertainty may be
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overestimated or underestimated in the specific regions
of nuclei, such as the heavy and light nuclei. More statis-
tical methods combined with the physical considerations
should be considered to simulate the uncertainties of the
parameters and the statistical uncertainties.
The present work shows that the residues indeed in-
cludes more information beyond the most used two, the
mean value and the standard deviation, which are rarely
discussed before. It is expected that the UDM can be
used in other theoretical works, such as fitting effective
nuclear force to nuclear data, which is helpful for the
study of the statistical and systematic uncertainties of
the levels through the nuclear shell model.
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